The temporal evolution of thermal convection in stress-free, base-heated boxes is investigated by means of a finite-element model. It is shown that the aspect ratio and also the initial conditions have a tremendous influence on the evolution. In boxes of aspect ratio A, significantly greater than unity (1.8 < A < 3), the onset of time-dependence occurs at much lower values of the Rayleigh number R a than predicted from studies which assumed square boxes (A = 1). While steady-state solutions can be obtained by a particular choice of initial conditions, stationary convection breaks down for less restrictive conditions. It is also demonstrated, that the long held view, that convection cells with A = 1 would break down into smaller units, is not valid. At Ra = lo6 elongated convection cells of A = 3 with superimposed boundary-layer instabilities are found in the long-term range of the temporal evolution. Regarding the Earth's mantle, the model of a time-dependent multiscale flow can basically explain the coexistence of different scales of convection in the mantle.
INTRODUCTION
During the past 10 years it has become widely accepted that convective currents in the Earth's mantle provide the fundamental mechanism for the dynamical features at the Earth's surface whose most prominent example is the motion of the lithospheric plates. However, in terms of a convection model, little progress has been made in understanding the coexistence of the different scales involved in a large variety of geodynamical phenomena. Besides a large-scale component, associated with the transport of the plates and being of the order of 104km, small-scale anomalies in the geoid and topography do exist, which are not correlated with oceanic ridges or subduction zones (McKenzie et al. 1980) . Moreover, local phenomena like hotspots cannot be explained by the traditional view of a steadily convecting mantle. Although there can be no question, that mantle convection is not in a steady-state (e.g. Jarvis 1984) , most of the numerical work was restricted to the investigation of steady-state flows (Rabinowicz, Lago & Froidevaux 1980; Jarvis & Peltier 1982; Christensen 1984; Hansen & Ebel 1984a,b; Schubert & Anderson 1985) , guided by the hope that neglecting time-dependence would mean a minor simplification. One outcome of most of those studies was, that at high Rayleigh numbers (Ra), convection in a constant viscosity fluid would favour a flow pattern displaying convection cells with a depth almost the same as the horizontal extension (e.g. Richter 1973; Lux, Davies & Thomas 1979; Rabinowicz, Lago & Froidevaux 1980) . The assumption of square convection cells (i.e. cells of aspect ratio A = 1; A is the ratio of length to depth extension) poses severe difficulties in explaining plate tectonics. Depending on the depth extension of mantle convection, aspect ratios of about 4 (for whole mantle convection) or even 12 (for layered mantle convection) are required to maintain the motion of the biggest plates (Olson & Corcos 1980) . Different measures, ranging from a more realistic rheology (Christensen 1984) to side-cooling of the cell by a subducted slab (Rabinowicz et al. 1980) have been proposed to ensure the stability of a large aspect ratio flow. Hansen & Ebel (1984a) have demonstrated that none of those measures is a must. Applying a steady-state model they were able to obtain convection cells of aspect ratio 3 at Ra of about lo6 without any additional stabilization. They also showed that different steady-states, small and large aspect ratio cells among them, do exist at the same Rayleigh number, due to the non-uniqueness of the non-linear convection problem (Busse 1981) .
Time-dependent numerical experiments in boxes of aspect ratio A = 2 have been performed by McKenzie, Roberts & Weiss (1974) . They found instabilities breaking up the large-scale flow. However, in their study the flow was driven entirely or partially by internal heat sources. Therefore these time-dependent results are not contradictory to the findings of Hansen & Ebel (1984a,b) where a fixed temperature at the bottom has been used as a boundary condition.
No matter which of the possible steady-state solutions is assumed for the mantle, none of them can account for both, small-and large-scale phenomena as are evident from geophysical observations. In this paper we will show that a highly time-dependent mantle flow is a possible explanation to the dilemma. Recent work has demonstrated that time-dependence (td in the following) is a common feature in non-linear systems like mantle convection (Machete1 & Yuen 1986; Christensen 1987; Hansen 1987) . At a certain value of the Rayleigh number the steady-state solution becomes unstable, and a bifurcation to a stable branch of time-dependent solutions takes place (Busse 1981) .
The particular form of the time-dependence can vary from simple periodic to chaotic behaviour. In the context of thermal convection, boundary-layer instabilities (blis in the following) form the underlying physical mechanism for the onset of time-dependence (Howard 1966; Busse 1981) . Regarding the different scales of mantle convection it is important to study, under which circumstances blis do develop and, especially, if they can introduce an additional scale of motion. Unfortunately, the conclusion drawn from steady-state experiments, that convection would favour square-cell patterns, has made many investigators of td-convection restrict themselves to that simple geometrical configuration (Jarvis 1984) . In square boxes and moreover under highly idealized initial conditions, convection was found to be in a steady state at Ra up to 10' (Jarvis 1984) and eventually at even higher values of Ra (Schubert & Anderson 1985) . Our previous work has shown that this conclusion does not hold, once the restriction of a square box is given up. Instead a highly time-dependent multiscale flow resulted at even lower Rayleigh numbers (Hansen 1987) .
The extreme sensitivity of the temporal evolution of a non-linear system to its initial conditions makes the accurate td-simulation of mantle convection an elusive goal. However, because of the non-uniqueness of the problem it seems necessary to distinguish between typical and exceptional behaviour of thermal convection at high Rayleigh numbers. In what follows we will describe some model results indicating that a time-dependent multiscale flow is the preferred style of convection in a Boussinesq fluid at Rayleigh numbers appropriate to the Earth's mantle.
NUMERICAL METHOD
The numerical model is based on the equations describing the two-dimensional flow of a Boussinesq fluid at infinite Prandtl number Pr (Pr = Y / K , for definition see below), heated from below. By assuming constant material properties and by neglecting the extension to the third dimension, the model forms a clearly oversimplified approach to convection in the Earth's mantle. On the one hand these simplifications are due to the limited capacity of even today's generation of computers. On the other, some are necessary in order to distinguish between causes and consequences which is not a matter of course in a non-linear system due to it's intrinsic non-uniqueness.
Introducing a scalar stream function 3 by and using a scaling scheme according to Turcotte, Torrance & Hsui (1973) with
[d is the depth of the convecting layer, K is the thermal diffusivity, 77 the dynamic viscosity, P the pressure, t the time, T the temperature and AT the temperature drop across the layer. Primes denote dimensionless variables and the index 0 marks appropriate reference values], one obtains the dimensionless equations where primes are dropped:
with the Rayleigh number Ra, defined as
where a is the coefficient of thermal expansion, Y the kinematic viscosity Q is the internal heat production per unit volume and g is the gravitational acceleration.
As model configuration we chose a box with
A is the aspect ratio (length/depth), z counts in direction opposing to gravity.
For all experiments we used boundary conditions according to
The spatial discretization of equations (2) and (3) is performed by a finite-element (FE) technique. The FE-scheme allows an easy-to-handle grid refinement which means a particular advantage if thin boundary layers have formed. We used a non-conforming type of element for the equation of momentum (2) and a bilinear type for the energy equation (3) with upwind-correction according to Heinrich, Huyakorn & Ziekiewicz (1977) . Details of the scheme can be found in Hansen & Ebel (1984b) .
The time-stepping algorithm for equation (3) deserves some more explanation. Application of the FE procedure to equation (2) results in an ordinary differential equation of the form:
where T is the vector of nodal values of the temperature, 
where Ni are the bilinear shape functions, Gj the upwind-corrected weighting functions, B is the domain of integration, TB is the boundary of the domain, and d T / d n is the normal derivative of the temperature.
Equation (6) is solved in time by a predictor-corrector method. By a fully implicit step a predictor T'"+l is determined from T" and q" by solving:
T"
At
After determining q'"+' from equation (2) the corrected value T"+l is calculated by a Cranck-Nicholson step
Finally qn+' is computed from equation (2) Different criteria have been used to limit the step-size At, but in all results presented here, half the step-size, allowed by the Courant-Levi-Fredrichs criterion, was the upper bound for At.
For the model runs in boxes of A = 3 a mesh of 49 x 17 elements, refined in the lower and upper boundary layers but equidistant in the horizontal direction was usually used. Some results have been verified on finer grids (100 x 25).
In Section 3 we address some results obtained by 'steady-state models'. By this expression we denote a procedure where the explicit time-dependence in equation (3) is neglected and replaced by an under-relaxation scheme (Christensen 1984; Hansen & Ebel 1984a,b; Schubert & Anderson 1985) . This procedure allows us to obtain a steady-state solution quickly, but it is known that it also can introduce an artificial stabilization with respect to time-dependent disturbances. A more detailed investigation of the capabilities and also the drawbacks of the 'steady-state technique' is given in Hansen (1987) .
RESULTS A N D DISCUSSION

The onset of time-dependence
Much work dealing with time-dependent convection was devoted to the question, at which Rayleigh number Ra the onset of time-dependent motions would take place. Generally, boundary-layer instabilities (blis in the following) are assumed to be the underlying mechanisms leading to the breakdown of steady-state convection. A thermal boundary layer of thickness 6 (the layer is characterized by the property that the vertical transport of heat is only governed by diffusion) becomes unstable if a local Rayleigh number R,, given by gcu A Ta3 R, =-exceeds a critical value (Roberts 1967) .
K V
(9) From boundary layer theory it is known that an exponential dependence of the form b = aRe-' does exist between the boundary layer thickness 6 and the overall Rayleigh number Ra (Turcotte & Oxburgh 1967) . The value of the exponent b varies, depending on the boundary conditions and also on the heating mechanism. For stress-free, base-heated configurations, which are addressed in this paper, boundary-layer theory predicts an exponent of b = 113. An important conclusion which can be drawn from this prediction states: if the boundary layers are stable at a certain Ra (that means R, is subcritical), they should be stable at all Ra and time-dependence could never occur. However, boundary-layer theory is an asymptotic approach and the question arises whether the predictions are valid. Numerical studies on convection in square boxes have shown that the value of b is close to, but less than 113. Jarvis & Peltier (1982) found a value of b = 0.318 and from the investigation of Schubert & Anderson (1985) an exponent of b = 0.319 was obtained. Therefore one has to change the previous conclusion to another one, saying that at a certain Ra the local Rayleigh number will become supercritical and moreover, that this value of Ra is presumably very high, since the b-value is just slightly smaller than 113. In fact, Jarvis (1984) found the onset of td at the very high value of the Rayleigh number of about 5 x 10' .
In an earlier paper (Hansen & Ebel 1984b) we have demonstrated also, employing a steady-state model, that the relation between 6 and Ra crucially depends on the aspect ratio of the flow. Convection cells having an aspect ratio A, significantly greater than unity, exhibit a b-value which is considerably less than 113 in a wide Rayleigh number range. For example we found a value of b = 0.19 for a convection cell of A = 3 for 5 X 1 0 4 < R a < lo6. This result already indicated that for such flow patterns the onset of td occurs at much lower Rayleigh numbers than it does in square boxes.
To clarify this point we employed the truely timedependent model as described in Section 2 , to simulate the evolution of a convective flow at Ra = 5 X lo5 in a box of aspect ratio 3. The conductive temperature profile with a superimposed perturbation of the form Acos -s i n ( m ) with A =0.01 and n = 1 (10) was used as the initial condition. In Fig. l(a) the time-history of the Nusselt number Nu is displayed. The Nusselt number Nu is defined
(for symbols see Section 2; overbars denote horizontal averages) and is a measure of the efficiency of heattransport ( N u = 1 in the absence of convection). From Fig. l(a) it becomes obvious that the flow does not reach steady-state conditions. After a strong spin-up, due to the highly unstable initial condition, a quasi-periodic behaviour is found in the long-term-range (t>0.6). A section of the evolution of the temperature fields in this range is shown in Fig. l(b) . Three convection cells have formed, two of them having an aspect ratio of A = 0.8 and one large cell with an aspect ratio of 1.4. Within the large middle-cell instabilities do develop in the upper and lower boundary layer. However, they do not lead to a break-up of the cell. Instead the 'blobs' are trapped by the already existing upwelling and downwelling currents. The result of this experiment differs at least in two ways from those of comparative studies. First, time-dependence of the flow occurs at Rayleigh numbers considerably less than those predicted from studies, dealing with convection in square boxes (Jarvis 1984; Schubert & Anderson 1985) . Secondly, a convection cell of aspect ratio greater than 1 can obviously be maintained in a td flow, despite the fact, that it is modulated by small-scale boundary-layer instabilities. Besides the Rayleigh number and the aspect ratio, the initial conditions are likely to play a key role in the evolution of the system. To study the effect of an initial condition, different from the conductive state, we started from a three-cell solution in a box of A = 3 (each cell having A = 1) at Ra = 10' and increased Ra stepwise in increments of lo5. Figure 2 (a) displays the temperature field at Ra = 1 x lo5 which was taken as initial condition for the run at R a = 2 x 10' and so on. In Fig. 2(b) the solution at Ra = 5 x 10' obtained in this way is displayed. As expected, the difference in the initial conditions lead to a different result. Contrary to the case in Fig. l(a) & (b) a steady-state finally emerges. At a first glance the two results might be puzzling but they become understandable if one adopts the modern and popular view of non-linear dynamics, looking at a steady-state solution as a fix-point in an appropriate phase-space (Guckenheimer 1986 ). The fix-point can be made visible by constructing a cut through this basically infinite-dimensional space. For the previously discussed case Fig. 2(c) shows such a cut, spanned by the kinetic energy E and its time derivative 8. The clearly developed spiral structure makes the attractivity of this fix-point evident.
If a simulation is started from a point which is within the basin of attraction of such a fix-point (different fix-points usually have different attraction basins) the solution may be attracted. The similarity of the temperature fields at Ra = 1 x lo5 and 5 X lo5 (judged from the spatial structure) already indicates that the fix-point for Ra = 4 x lo', which was actually used as an initial condition, is located in the vicinity of the one at Ra = 5 X lo5. In contrast, the conductive state used in the earlier example is not in the attraction basin, so that the trajectory in the phase space, which is a representation for the evolution of the system, is not trapped by this fix-point.
The experiments have demonstrated that the question, whether convection at a certain Rayleigh number is td or in a steady-state, is misplaced. It simply can be both, depending on the geometrical configuration and the initial condition.
So far, the choice of a square box and also the choice of 
3 very specific initial conditions (close to a fix-point) have been recognized to prevent time-dependence of the flow. With regard to the Earth's mantle, both choices are probably too restrictive. In the following we will relax these restrictive conditions and study some phenomena which we think are typical for td convection.
Time-dependent phenomena
As demonstrated in Fig. l(b) , convection cells can have an aspect ratio greater than unity in a time-dependent flow. It has been argued (Richter 1973; Lux, Davis & Thomas 1979 ) that large-scale cells would break down into smaller units at high Rayleigh numbers. Therefore it seemed necessary to us, to look at the temporal evolution at higher Ra. In order to avoid the bias, introduced by square boxes or restrictive
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initial conditions, we have chosen a Ra of lo6, a box of aspect ratio A = 3 and the slightly perturbed (equation 10) conductive state as initial condition. Although, the value of Ra might be one order of magnitude too low, this scenario might be viewed as reasonably adequate for mantle convection, at least with regard to the Rayleigh number and the aspect ratio, if the idea of whole mantle convection is adopted. In Fig. 3 the Nusselt number Nu is plotted versus time and in Figs. 4 and 5 the evolution of the temperature-and streamfunction fields is shown, respectively. Different phases in the evolution can be distinguished which are marked by upper-case letters in Fig. 3 . Due to the highly unstable initial condition, a steep spin-up occurs (begin -A in Fig. 3 ) leading to an exchange of the cold and warm material (Fig. 4a) . The temperature inversion stabilizes the central part of the domain whereas the upper and lower boundary layers remain unstably stratified. As a consequence boundary layer instabilities develop (Fig. 4b) , but because of the inversion they are not able to penetrate the entire layer. Instead a strongly layered flow pattern arises (Fig. 5b) . Since contour lines of the streamfunction are not equivalent to trajectories in td convection the layered nature of the flow pattern is made apparent by a tracer-plot (Fig.  6) . A tracer particle has been put into the flow at the position: x = 2.0; z = 0.001 at a time where the bottom bli shown in Fig. 4(b) passes this position. The rising instability moves the tracer upwards but does not lead to an overturn across the whole depth of the layer.
With increasing time the temperature inversion is removed by the blis and by heat diffusion, so that finally the whole layer is penetrated by the blobs (Figs 4, 5c & 6) . The variation of Nu during this stage is marked by (A-B) in Fig.  3 . Boss & Sacks (1984) first reported the phenomenon of 'transient layering'. The relevance for the geochemical evolution of the mantle entirely depends on the existence of a temperature inversion in the early Earth. On the basis of current knowledge this question, of course, must remain open. Nevertheless, we found it interesting that layering of convection can be maintained dynamically and does not require any stratification of the material properties of the fluid. In general, our results confirm those of Boss & Sacks (1984) with the exception that our experiments indicate, that the threshold value of the Rayleigh number for the occurrence of transient layering decreases with increasing aspect ratio of the box. For example, in a square box we found Ra = lo7 necessary to produce layering whereas in a box of A = 3 a Rayleigh number of lo5 was sufficient.
The transition to the multicell-pattern (Fig. 4, 5c ) is accompanied by an increase of the Nusselt number (Fig. 3 , B-C). As shown by Olson & Corcos (1980) and Hansen & Ebel (1984b) Nu is a decreasing function of the aspect ratio of the convection cells for A > 1, having a maximum value at A = 0.8. Since the cells shown in Fig. 4 and 5(c) are close to the optimum A, the peak in the Nu-t plot marked by C in Fig. 3 becomes understandable. It has been speculated earlier (Malkus & Veronis 1958) , that convection would select a flow pattern to maximize the heat transfer (i.e. Nu). However, more recent work has shown that this maximum principle does not hold (Moore & Weiss 1973 , or Busse 1981 for an overview) and in fact the presented experiment is another counter-example, since the multiple small cells are In the meantime the existence of the large-scale circulation has been checked by different numerical resolution and also by different numerical schemes, finite differences (Weinstein, pers. comm., 1987) and a spectral method (Vincent 1987) among them. Even in pioneer work on 3D convection the phenomenon has been observed (P. Olson, private communication) . Our results suggest that a high Rayleigh number is necessary for the existence of the large-scale circulation. For example, under the same conditions as described for Figs 3-5 but at Ra = lo5 we obtained a steady three-cell pattern (Fig. 2a) . However, Christensen (1987) reported the existence of the modulated large-scale flows at very low Ra [Ra =O(lO")]. Since 'windows' in the parameter range, i.e. domains in which a certain behaviour does occur, are common in non-linear systems, we presume, that a Rayleigh number window exists at medium values of Ra in which steady-state multicell solutions exist. Christensen (1987) concludes from his study, that a Rayleigh number, neither too low nor too high is necessary for the existence of the large-scale flows. According to our findings, the modulated large-scale flows are the preferred style of convection at high Ra and we found no indication of an upper limit of the Rayleigh number.
From a geophysical point of view the time-dependent multiscale flow seems to be attractive in many respects. We want to emphasize this aspect by the results of another experiment. Figure 8 displays a section of the long-term range of the evolution of a model-run performed under the same conditions as described in Fig. 3 , but with a different initial perturbation (Fig. 8) . Here it is shown that a rising instability is strongly sheared by the main flow. A similar phenomenon has been observed by Jarvis (1984) in square boxes at much higher Ra. On the one hand, the presence of the shear prevents the instability from breaking-up the large-scale circulation. On the other, a wide-spread temperature anomaly is generated by this mechanism. The observation from seismic tomography (Woodhouse & Dziewonski 1984) , that hot regions in the mantle are not located right beneath oceanic ridges, but are laterally shifted, can therefore basically be explained by the coexistence of the different scales.
It is tempting to interpret the sinking instabilities (at least the stronger ones) in terms of subduction. To illustrate the principal ability of a sinking boundary-layer instability to account for subduction, we put 50 passive tracer particles into the flow. Initially the tracers were located at the top (2 = 1) and arranged in a straight line. In Fig. 9 the resulting trajectories are shown. All of them are trapped by the sinking instability and transported downwards to at least half of the depth of the layer. Since the instability is advected itself by the main flow, the sinking zone is migrating, a phenomenon also observed on the Earth. Moreover the horizontal velocity of the instability is of the order of cmyr-' which is of that order of magnitude exhibited by plate motions.
Of course one cannot expect to simulate realistic subduction without taking into account a realistic rheology. The non-realistic sinking depth of more than 1500 km revealed in the model-run may be due to this simplification. On the other hand it may be possible that surface material can in fact be subducted to such depths but that the resulting anomalies cannot be identified by seismic methods.
CONCLUSIONS
The general conclusion which may be drawn from the results presented is, that steady-state convection at Rayleigh numbers, which are appropriate for the Earth's mantle, is an exceptional phenomenon rather than the rule. Those initial conditions (i.e. close to a steady-state) and geometrical U. Hansen and A . Ebel TIME = 0.102125 IT = 700 TIME -0.101831 m TIME -0.101316 IT -650 TIME -0.101052 IT -620. Figure 8 . Section of the behaviour in the long-term range of a flow at Ra = lo6 and , I = 3. As initial condition the conductive profile was used with a pertrubation of the form Acos(nnz/A) sin(nz) with A = 0.01 and n = 7.
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.5 configurations (i.e. square boxes) leading to a stationary solution are probably too idealized, compared to the mantle and it does not seem justified to look at such solutions as being representative. In Section 3.1 it was shown that time-dependent convection and steady-state solutions can be obtained at the same Rayleigh number. From that we conclude that some of the previous studies, carried out to determine the onset of time-dependence, are not comparative, since they look at the same Ra but differed in other parameters. Instead of a single scalar value like Ra, the onset of time-dependence is obviously determined by a vector of control parameters containing at least the Rayleigh number, the aspect ratio and the initial conditions.
From a geophysical point of view, the occurrence of large-scale circulation patterns in the long-term range of the temporal evolution of a flow at a high Rayleigh number is the most important point of this paper. On the one hand, the large-scale component can basically count for the transport of the plates. Conversely, the superimposed boundary-layer instabilities may form a mechanism leading to anomalies of smaller scales in, for example, the heat flow, topography and/or geoid.
Much supports the view, that strong sinking instabilities can be identified with subduction zones. More realistic dip-angles (contrary to those of 90" in steady-state flows) as well as the phenomenon of migrating trenches can principally be explained.
The conclusion, that local phenomena like plumes cannot be considered as isolated features but are closely related to the main flow, is implicitly embodied in the model of multiscale convection in the Earth's mantle. Therefore it might be necessary to reinvestigate, for example, the effect of hotspots on the lithospheric plates, in the framework of time-dependent mantle convection.
Another point concerns the validity of parameterized models for the thermal history of the Earth (e.g. Sharpe & Peltier 1979) . All of these models are based on a constant relationship between the heat transport efficiency (i.e. Nu) and the Rayleigh number. Our td calculations, however, have shown that the Nusselt number is strongly fluctuating with time, due to changes in the cell pattern or the formation of boundary-layer instabilities. Therefore, the 
